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Let p be an odd prime. Let K p = Q(Cp) be the p-cyclotomic field and Z[£ p ] be 
the ring of integers of K p . Let tt be the prime ideal of K p lying over p. Let G be the 
Galois group of K p . Let v be a primitive root mod p. Let a be a Q-isomorphism of 
K p defined by a : ( p -► Q. Let P{a) = aP^v'^-^ + ... + av' 1 + 1 G Z[G], where 
t> n is understood ( mod p). Let C p be the p-class group of K p . Let q be a prime 
ideal of Z[£ p ] with C/(q) G C p . Let the prime number lying above q. Let A be a 
singular number defined by AZ[£ p ] = q p . From Stickelberger relation we prove the 
7r-adic congruences: 

1. tt 2 ^ 1 | A P ^ if q= 1 mod p, 

2. vr 2 ? 5 - 1 || A p ( CT ) if g = 1 mod p and pfe- 1 )/^ = 1( mod g). 

3. vr 2p | A p ^ if g ^ 1 mod p. 

These results allow us to connect the structure of the p-class group C p with 7r-adic 
expression of singular numbers A and with solutions of some explicit congruences 
mod p in Z[X]. The last section connect Stickelberger relation with the class group 
C of K p . 

This paper is at elementary level in Classical Algebraic Number Theory. 

1 Introduction 

Let p be an odd prime. Let F p be the finite field of p elements with no null part F*. 
Let K p = Q(Cp) be the p-cyclotomic field. Let it be the prime ideal of K p lying over 
p. Let v be a primitive root mod p. For n G Z let us note briefly v n for v n mod p. 
Let a : — > Cp be a Q-isomorphism of K p /Q. Let G p be the Galois group of K p /Q. 

Let P(<r) = Ef=o x p (^) G 

We suppose that p is an irregular prime. Let C p be the p-class group of K p . Let T 
be a subgroup of C p of order p annihilated by a — fi with G F*. From Kummer, there 
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exist not principal prime ideals q of of inertial degree 1 with class C7(q) € T. 
Let q be the prime number lying above q. 

Let n be the smallest natural integer 1 < n < p — 2 such that jx = v n mod p for 
[i defined above. There exist singular numbers A with AZ[( P ] = q p and 7r n | A — aP 
where a is a natural number. If A is singular not primary then 7r ra || A — aP and if 
A is singular primary then tt p \ A — aP . We prove, by an application of Stickelberger 
relation to the prime ideal q, that now we can climb up to the 7r-adic congruence: 

1. <k 2p ~ 1 I A p ^ if q=l mod p. 

2. vr 2 ^ 1 || A p W if q = 1 mod p and pM/P = 1 mod q. 

3. vr 2p | vl p ( CT ) if q ■£ 1 mod p. 

This property of 7r-adic congruences on singular numbers is at the heart of this paper. 

1. As a first example, in section 0] p. El this 7r-adic improvement allows us to find 
again an elementary straightforward proof that the relative p-class group C~ 
verifies the congruence 

(1) £ ^ (2m+1)( ^ 1} x { v- {t - 1) -v-*xv ) ^ o ^ ^ 

for m taking r~ different integer values mj, i = 1, ... , r~, 1 < < 
where r~ is the rank of the relative p-class group C~ . 

2. The section [S] p. 1191 connects the 7r-adic expansion of singular primary numbers 
with the structure of the p-class group of K p . 

3. In the sectionElp. EHl we give some explicit congruences derived of Stickelberger 
for prime ideals q of inertial degree / > 1. 

4. Let h(K p ) be the class number of K p . In the last section |7| p. EH1 we apply 
Stickelberger relation to describe structure of the complete class group C of K p 
of order h{K p ) (by opposite to previous sections applied to j?-class group Cp) ■ 



2 Some definitions 



In this section we give the definitions and notations on cyclotomic fields, p-class 
group, singular numbers, primary and not primaryused in this paper. 

1. Let p be an odd prime. Let £ p be a root of the polynomial equation X 1 ^ 1 + 

X'P- 2 -| 1- X + 1 = 0. Let K p be the p-cyclotomic field K p = Q(( p ). The 

ring of integers of K p is Z[£ p ]. Let K p be the maximal totally real subfield of 
K p . The ring of integers of K+ is Z[£ p + with group of units Z[( p + Cp 1 ]*. 
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Let v be a primitive root mod p and a : Cp ~~ * Cp be a Q-isomorphism of 
Let G p be the Galois group of the extension K p /Q. Let F p be the finite field of 
cardinal p with no null part F*. Let A = Cp — 1- The prime ideal of JT p lying 
over p is 7r = AZ[£ P ]. 

2. Suppose that p is irregular. Let C p be the p-class group of K p . Let r be the 
rank of C p . Let C+ be the p-class group of K+ . Then C p = C+ © C~ where 
C~ is the relative p-class group. 

3. Let r be a subgroup of order p of C p annihilated by a — fi £ F P [G P ] with p £ F*. 
Then ft = v n mod p with a natural integer n, 1 < n < p — 2. 

4. An integer A € Z[£ p ] is said singular if A 1 ^ K p and if there exists an ideal a 
of Z[C P ] such that AZ[Cp] = a". 

(a) If T C C~: then there exist singular integers A with AZ[£ p ] = a p where a 
is a not principal ideal of Z[£ p ] verifying simultaneously 

C7(a) G r, 

= ^ x a p , fie F*, a £ K p , 

(2) p_3 
/U = v 2m+1 mod p, m <E N, 1 < m < 



2 ' 

vr 2m+1 | A - a p , a £ N, 1 < a < p - 1, 
Moreover, this number yl verifies 

(3) A x A = D p , 

for some integer D G R +. 

i. This integer ^4 is singular not primary if n 2m+l \\ A — a p . 

ii. This integer A is singular primary if tt p \ A — a p . 

(b) If r C C p : then there exist singular integers A with ^4Z[C p ] = a p where a 
is a not principal ideal of Z[£ p ] verifying simultaneously 

C7(a) £ r, 

cr(A) = ^4^ x ct p , fie F*, a G K p , 

(4) p _ 3 
/x = -u 2m mod p, m £ Z, 1 < m < — - — , 

7r 2m | A - a p , a £ Z, 1 < a < p - 1, 
Moreover, this number ^4 verifies 

(5) | = 
for some number D £ . 
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i. This integer A is singular not primary if 7r 2m || A — a p . 

ii. This number A is singular primary if tt p \ A — a p . 

3 On Kummer and Stickelberger relation 

1. Let q ^ p be an odd prime. Let C, q be a root of the minimal polynomial equation 
Xi- 1 + Xi- 2 + • • • + X + 1 = 0. Let K q = Q(( q ) be the g-cyclotomic field. The 
ring of integers of K q is Z[£ g ]. Here we fix a notation for the sequel. Let u be 
a primitive root mod q. For every integer k G Z then u fe is understood mod q 
so 1 < u k < q — 1. If k < it is to be understood as u k u~ k = 1 mod q. Let 
Kpq = Q(CpXq)- Then K pq is the compositum K p K q . The ring of integers of 
K pq is Z[C P9 ]. 

2. Let q be a prime ideal of Z[£ p ] lying over the prime q. Let m = -^k" p /q( c i) = ^ 
where / is the smallest integer such that q* = 1 mod p. If ip{ a ) = a 1S the image 
of a G Z[£ p ] under the natural map ^ : Z[C P ] — » Z[£ p ]/q, then for ^(a) = a ^ 
define a character on F m = Z[£ p ]/q by 

(6) X%\a) = {^f 1 = A , 

m p q p 

where {^} = £p for some natural integer c, is the p <?i power residue character 
mod q. We define 

(7) l/(q) = £ (*) x Cf*" /F « (a,) ) € Z[C pq ], 

and G(q) = g(q) p . It follows that G(q) E Z[£ M ]. Moreover G(q) = g(q) p G 
Z[Cp], see for instance Mollin 6 prop. 5.88 (c) p. 308. 

The Stickelberger's relation is classically: 

Theorem 3.1. In Z[(p] we have the ideal decomposition 

(8) G(q)Z[C p ] = q 5 , 

wii/i S = X^t=i * x ^t^ 1 where wt E Gal(K p /Q) is given by w t : Cp — ► Cp- 
See for instance Mollin [5] thm. 5.109 p. 315. 
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3.1 On the structure of G(q). 

In this subsection we are studying carefully the structure of g(q) and G(q). 

Lemma 3.2. If q ^ 1 mod p then g(q) € Z[£ p ]. 

Proof. 

1. Let u be a primitive root mod q. Let r : £ g — > ^ be a Q-isomorphism generating 
Gal(K q /Q). The isomorphism r is extended to a .ftp-isomorphism of K pq by 
r : C, - Q, Cp - Cp- Then ^(qf = G(q) € Z[C„] and so 

r( 5 (q)) P =5(q) P , 

and it follows that there exists a natural integer p with p < p such that 

r(5(q))=C P P x 5 (q). 

Then iV^/^(r( 5 ( q ))) = CiT 1)p x ^ pg/ ^( 5 (q)) and so = 1. 

2. If g 1 mod it implies that (p = 1 and so that r(g(q)) = g(q) and thus that 
<7(q) e Z[C P ]. 

□ 

Let us note in the sequel g(q) = J2i=o 9i x Q w ^ tn 9i G ^[Cp]- 
Lemma 3.3. If q = 1 mod p ifoen go = 0. 

Proof. Suppose that go / and search for a contradiction: we start of 

T(s(q)) = C£ x #(q). 
We have $(q) = Ef=o 5i x Q and so r(#(q)) = £?=o # x Q", therefore 

g-2 <j-2 
i=0 i=0 

thus <7o = Cp x go and so (p = 1 which implies that r(g(q)) = <?(q) and so g(q) G Z[£ p ]. 
Then G(q) = g(q) p and so Stickelberger relation leads to g(q) p Z[( p } = q 3 where 
S = Ylt=i * x w t X - Therefore rof 1 (q) || q s because q splits totally in K p /Q and 
w t 1 { c i) / w t' 1 ( c l} f° r * / This case is not possible because the first member g(q) p 
is a p-power. □ 

Here we give an elementary computation of g(q) not involving directly the Gauss 
Sums. 



6 



Lemma 3.4. If q = 1 mod p then 
G(q) = 5 (q) P , 

(9) <?(q) = C q + C P C _1 + C 2p C~ 2 + • • • + C { P q - 2)p Q~ i9 ~ 2) , 

5 (q) p Z[C P ] = q S , 
for some natural number p, 1 < p < p — 1. 

Proo/. 

1. We start of r(g(q)) = C P x ff(q) an d so 

g-2 <j-2 

(io) E^C = c P p x^>4 

i=l i=l 

which implies that gi = g±^ for u X i = 1 mod g and so g n -i = gi(p (where u~ l 
is to be understood by u -1 mod g, so 1 < < g — 1). 

2. Then r 2 ( 5 (q)) = r(Cfr(q)) = C P P s(q)- Then 

g-2 g-2 

E^cf = c P 2p x£>g, 

which implies that g, t = gi(p p for u 2 x i = 1 mod g and so g u -2 = g\Qp p ■ 

3. We continue up to T^^q)) = T*- 3 (C&(q)) = • • • = C? _2)P ff(q)- Then 

f>cr 2 wr 2)p x (|>g, 



i=l i=l 



which implies that gi = giCp 9 2 ^ P for u q 2 x i = 1 mod g and so gr 



(9-2) 



4. Observe that u is a primitive root mod g and so u is a primitive root mod q. 
Then it follows that <?(q) = gi x (C, + C^" + C P P Q~ 2 + • • • Ci 9 " 2)P Q" <9_2) )- 
Let 17 = C q + C P P Q _1 + C P 2P Q" 2 + • • • Ci 9 - 2)P Cr (9 " 2) . 

5. We prove now that g\ £ Z[£ p ]*. From Stickelberger relation g p x [7 P = q s . From 
S = w t l X * it follows that ro i T 1 (q)* || q s and so that g\ ^ mod ru < T 1 (q) 
because <7 P is ap-power, which implies that g\ £ Z[£ p ]*. Let us consider the rela- 

tionJTJ). Let x = 1 G F„ then Tr Fq/Fq (x) = 1 and Xq P) (l) = l ( "~ 1)/p mod q = 1 
and thus the coefficient of Q q is 1 and so g\ = 1. 

6. From Stickelberger, g(q) p Z[£ p ] = q s , which achieves the proof. 

□ 
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Remark: From 



ff(q) = c, + qcf 1 + cfcr 2 + • • • + c^~ 2)p c" (g ~ 2) , 

(11) =► r( 5 (q)) = Q + C^C, + C P 2P C _1 + • • • + C^ 2)P C" (9_3) , 

c p x S (q) = c% + c P 2p c _1 + c P 3p c -2 + • • • + #- 1)p c" (9_2) 

and we can verify directly that r(^(q)) = Cp x ^(q) f° r this expression of p(q), 
observing that (7 — 1 = mod p. 

Lemma 3.5. Let S = Ylt=i x * where zut is the ^-isomorphism given by wt : 
Cp ~~ * Cp of K p . Let v be a primitive root mod p. Let a be the Q-isomorphism of K p 
given by ( p -»■ Cp ■ Let P(a) = J2 P Zq a* x v~* € Z[G P ]. Then S = P(a). 

Proof. Let us consider one term w^ 1 x t. Then v^ 1 = v p ~ 2 is a primitive root mod p 
because p — 2 and p — 1 are coprime and so there exists one and one i such that 
t = v~ l . Then w v -% : Cp — > (^ and so ro^i; : Cp ~~ ► Cp* an< l so = °" 1 (observe 
that & p ~ l x = 1), which achieves the proof. □ 

Remark : The previous lemma is a verification of the consistency of classical 
results for instance in Ribenboim 0| p. 118, of Mollin [H] p. 315 and of Ireland- 
Rosen p. 209 with our computation. In the sequel we use Ribenboim notation 
more adequate for the factorization in F P [G]. When q = 1 mod p the Stickelberger's 
relation is connected with the Rummer's relation on Jacobi resolvents, see for instance 
Ribenboim, (2A) b. p. 118 and (2C) relation (2.6) p. 119. 

Lemma 3.6. If q = 1 mod p then 

1. <?(q) defined in relation is the Jacobi resolvent: g(q) =< C,p V ,Cq >. 

Proof. 

1- ^(q) = < C p l 'j Cq >■ apply formula of Ribenboim [§j (2.2) p. 118 with p = p,q = 
q,C = C p , p = C q , n = p, u = i, m = 1 and h = u^ 1 (where the left 
members notations p, q, £, p, n, u, m and h are the Ribenboim notations). 

2. We start of < Cp 1 Cq > = #(<!)■ Then v is a primitive root mod p, so there 
exists a natural integer I such that p = v 1 mod p. By conjugation o~ l we get 
< Cp> Cq >= 5(q) cr • Raising top-power < £ p , C q > p = g(q) pCT • From lemma l3~5l 
and Stickelberger relation < £ p , Cq > p ^[Cp] = cf^" ' . From Kummer's relation 
(2.6) p. 119 in Ribenboim [§], we get < Cp, C? > p Z[CjJ = q Pl(<T) with p i(°") = 
T, P jZl°- j v {p ~ 1)/2 - j . Therefore ££0 tr^'tr* = J2 P jZl°- j v {p ~ 1)/2 ~ j ■ Then i- 
l = j mod p and — i = 2^ j mod p (or i = j — p -^- mod p) imply that 
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j — ^2 I = 3 m °d Pi so I + = ^ mod p, so Z = — ^y- mod p, and 

I = mod p, thus p = y( p+1 ^ 2 mod p and finally p = —v. 

□ 

Remark : The previous lemma allows to verify the consistency of our computation 
with Jacobi resultents used in Kummer (see Ribenboim p. 118-119). 

Lemma 3.7. 7/q = 1 mod p then g(q) = —1 mod ir. 

Proof. From g(q) = ( q + ^ V Q~' + (p 2v Q~* +■■■ + Cp^" , we see that 

g(q) = Q q + Qf 1 + Cq 2 + " " " + Cq ^ 2> mod 7T. From -u^ 1 primitive root mod p it 
follows that l + C q + Cq' 1 + C^" H h Q _2> = 0, which leads to the result. □ 

It is possible to improve the previous result to: 

Lemma 3.8. Suppose that q = 1 mod p. Ifpiv-^/P ^ 1 mod q then tt p \\ g(q) p + 1. 

Proof. 

1. We start of <?(q) =( q + (fcf 1 + Cp'Cf" + ■■■ C^Cf^ with p = -v, so 

5(q)=C, + ((C P P -l) + l)Cr^(^^ 
also 

g (d) = -l + - i)c" + (c 2 P p - i)cr 2 + • • • + (#- 2)p - i)cr (9_2) . 

Then (p P = 1 + zpA mod it 2 , so 

«,(q) = — 1 + A x {pQ- 1 + 2pCr 2 + ■■■ + (?- 2)p)Cr (9_2) ) mod A 2 . 

Then 5 (q) = — 1 + AC/ + A 2 V with Z7 = pQ" 1 + 2pQ~ 2 + ■■■ + (?- 2)p)Q~ ( *~ 2) 
and U,V G Z[C P9 ]- 

2. Suppose that 7r p+1 | g(q) p + 1 and search for a contradiction: then, from g(q L ) p = 
(-1 + XU + X 2 V) P , it follows that pXU + X P U P = mod tt p+1 and so f/ p - U = 
mod 7r because pX + X p = mod 7r p+1 . Therefore 

(per 1 + 2pcr 2 +•■■+(?- 2)p)cr (9 " 2) ) p - 

{pQ- 1 + 2pQ 2 + • • • + (q - 2)p)Q (q - 2) ) = mod A, 

and so 

(pc^- 1 + 2pcf - 2 +■■■+(?- 2)p)cr" (9_2) ) 

- (pQ" 1 + 2pQ- 2 +- + (q- 2)p)C q ' (q " ] ) = mod A. 
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3. For any natural j with 1 < j < q — 2, there must exist a natural j' with 
1 < f < 9 — 2 such that simultaneously: 

pu^ = mod q ^ p = ~-* mod 
Pi' = mod 7T =>■ j' — j = mod p. 

Therefore p = uP><{Cj"-:0M mod g and so pte" 1 )/? = n px(g-i)/ P )x{(j'-j)/ P } mod g 
thus p('J- 1 )/p = i moc i contradiction. 

□ 

3.2 A study of polynomial P(a) = Y%£ ^iT* of A G v\- 

Recall that P{&) G Z[G P ] has been defined by P(cr) = E£o 
Lemma 3.9. 

p-2 p-2 

(12) P( a )=^2a i xv- { = v-( p -V x{ f] (a - v k )} + p x R(a) , 

i=0 fc=0, fc^l 

w/iere i?(cr) G Z[G p ] with deg(R(a)) <p-2. 

Proof. Let us consider the polynomial Rq(o~) = P{o~) — t>~( p ~ 2 ) x {Ofe=o k^i( a ~ yk )} 
in F p [Gp]. Then Ro(a) is of degree smaller than p — 2 and the two polynomials 
YTi=Q o l v~ l and YYf—o k^i( a ~ yk ) take a nim vame m when a takes the p— 2 

different values a = v k for k = 0, . . . ,p — 2, fc / 1. Then Ro(a) = in F P [G P ] which 
leads to the result in Z[G P ]. □ 

Let us note in the sequel 

P-2 

(13) T(a) = v-( p -V x Y[ (a-v k ). 

k=0, k+\ 

Lemma 3.10. 

(14) P(a) x(a-v) = T{a) x {a - v) + pR(a) x {a - v) = p x Q{a), 
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where Q(a) = Yli=i Si x a% e %[G P ] is given by 

v -(p-3) - v -(p- 2 ) v 



Sp-2 = 
Sp-3 



P 

„-(p-4) _ V -(P-3) W 



( 15 ) ' -(,-1) -i 

Si = , 

P 



1 — v 1 v 
Ol = , 

p 

with —p < Si < 0. 

Proof. We start of the relation in Z[G P ] 

p-2 

P(<t) x (a - v) = v-^-V x Y[(a - v k ) +p X i?((7) X (<7 - v) = p X Q((T), 

fc=0 

with Q{&) £ Z[G P ] because IlCoV ~ yk ) = in F P [G P ] and so \\ p k Z^{(T - v k ) = 
p x Ri(o-) in Z[G P ]. Then we identify in Z[G P ] the coefficients in the relation 

(v- {p ~^a p - 2 + u-Cp-sJ^p-s + . . . + v - l a + 1) x (a - v) = 
P x {Sp-20- p ~ 2 + 5 p - 3 o- p ~ 3 + ... + 6 lt T + 5 ), 

where o~ p ~ x = 1. □ 
Remark: 

1. Observe that, with our notations, <5j € Z, i = l,...,p— 2, but generally 
S{ ^ mod p. 

2. We see also that — p < Si < 0. Observe also that 5o = - (? p 2) ~'" = 0. 
Lemma 3.11. T/ie polynomial Q(a) verifies 

(p-3)/2 (p-3)/2 

(16) Q(<7) = {(l-<x)( £ ^ x a*) + (1 - t;)^ 1 )/ 2 } x ( £ a*). 

i=0 i=0 
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Proof. We start of S { = v ( ' Then 

v -(i+(p-l)/2-l) _ w -(i+Cp-l)/2) p _ v -(i-l) - (p- v -i) v 

5 i+ (p_l)/ 2 = = = 1 - U - <5i- 

u " p p 

Then 

(p-3)/2 

Q(a) = x " * i+(p-1)/2 + (1 " «K +(p ~ 1)/2 ) 

(p-3)/2 (p-3)/2 

= ( ^ Si x a 4 ) x (1 - ^(p- 1 )/ 2 )) + (1 - v ) x a^- 1 )/ 2 x ( ^ a*), 
i=0 i=0 

which leads to the result. □ 

3.3 7r-adic congruences on the singular integers A 

From now we suppose that the prime ideal q of Z[£ p ] has a class C7(q) G T where T 
is a subgroup of order p of C p previously defined, with a singular integer A given by 
AZ[C P ] = cf . 

In an other part, we know that the group of ideal classes of the cyclotomic field is 
generated by the ideal classes of prime ideals of degree 1, see for instance Ribenboim, 
[H] (3A) p. 119. 

Lemma 3.12. 

(M2-\p 2 = (A\ p i a ) 

Proof. We start of G(q)Z[C p ] = g{q) T "L[C, p ] = q 5 . Raising to p-power we get g(q) p2 Z[( p ] 
q pS . But AZ[( p ] = q p ,so ' 

(17) g( q fz[Q = A s Z[( p }, 
so 

(18) g(<if x x n = A s , neziCp + Cp 1 }*, 



where w is a natural number. Therefore, by complex conjugation, we get g(q) x 
(- w x 7] = A S . Then (=) p2 x Cp W = {j) S ■ From A = a mod vr m with a,m 
natural integers, 2 < m < p — 1, we get = = 1 mod 7r m and so w = 0. Then 

fiM^ 2 = n 
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Remark: Observe that this lemma is true if either q = 1 mod p or q ^ 1 mod p. 

Theorem 3.13. 

1. g(q)P 2 =±A P( -°l 

2. g(q)P^- 1 )^- v ) = ±(2)Qi( CT ) where 

(p-3)/2 

Q^a) = (l-a)x( Si* o*) + (l-v)x a^' 2 . 

Proof. 

1. We start of #(q) p2 X ry = A P ( CT ) proved. Then 5 (q)P 2 ( CT - 1 )( CT -") x ^-iX"-") = 
^P(<r)(<T-i)(<T-t») i From lemma EH we get 

P(a) x (a - u) x (a - 1) = p x Q x {a) x (a^ 1 )/ 2 - 1), 

where 

(p-3)/2 

Qj(a) = (1 - a) x ( 5 i xa i ) + (l-v)x a^' 2 . 

Therefore 

(19) gitif 2 ^- 1 ^-^ x jy^- 1 )^-") = (4) pQl(,T) , 



and by conjugation 



Multiplying these two relations we get, observing that g(q) x g(q) = q* , 

q fp 2 («-l)(«-v) x 2(<x-l)(a- V ) = j_ 

also 



2(<r-l)(<7-„) = j_ 

and thus rj = ±1 because 77 S Z[£ p + Cp -1 ]*) which, with relation (|19f) . leads to 
g(q) p2 = ±A P ^ and achieves the proof of the first part. 
2. From relation (|19j) we get 

(20) 5 ( q )PV-i)(*-«) =± (^)pQiW 5 
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so 

(21) gid)^- 1 ^'^ = ±$ x (j) Q ^\ 

where w is a natural number. But g(q) a ~ v G K p and so g^q)^ " - ^ " -1 ) g (K p ) p , 
see for instance Ribenboim [§] (2A) b. p. 118. and g (K p ) p because 

a — fj, | Qi(cr) in F p [Gp] imply that w = 0, which achieves the proof of the second 
part. 

□ 

Remarks 

1. Observe that this theorem is true either q = 1 mod p or g ^ 1 mod p. 

2. <7(q) = —1 mod it implies that g(q) p = — 1 mod tt. Observe that if A = a mod 7r 
with a natural number then A p ^ = a 1+v 1-1 P 2> = a p ( p ~ 1 ^ 2 mod tt 

■ 1 mod 7r consistent with previous result. 

Lemma 3.14. Let q ^ p be an odd prime. Let f be the smallest integer such that 
qf = 1 mod p. If f is even then g(q) = ±£™ x qf I 2 for w a natural number. 

Proof. 

1. Let q be a prime ideal of lying over q. Prom / even we get q = q. As in 
first section there exists singular numbers A such that AZ[^ P ] = q p . 

2. From q = q we can choose A £ Z[( p + C" 1 ] and so A = A. 

3. we have #(q) p2 = ±A p ( a \ From lemma l3~2l p. H3 we know that g(q) G 

4. By complex conjugation #(q) p2 = ±A p( - a \ Then g(q) p = g(q) . 

P 

5. Therefore g(q) p = Cf 2 x ^(q) with 1^2 natural number. As g(q) G ^[Cp] this 
implies that u>2 = and so <?(q) p = g(q) ■ Therefore <?(q) = Cp 3 x ^(q) 
with u>3 natural number. But g(q) x g(q) = q* results of properties of power 
residue Gauss sums, see for instance Mollin prop 5.88 (b) p. 308. Therefore 
5 (q)2 = ^3 x q f and so ( 5 ( q ) x Cp™ 3 ' 2 ) 2 = q* and thus g(q) x (~ W[i/2 = ±qf/ 2 
wich achieves the proof. 

□ 

Theorem 3.15. 

1. If q = 1 mod p then A p ^ = 5 mod tt 2p ~ 1 with 5 G {-1, 1}. 
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2. If and only if q = 1 mod p and p^ q l ^ p = 1 mod q then ir 2p 1 || A p ( a > — 5 with 
Se{-l,l}. 

3. Ifq^l mod p then A p ^ = 5 mod ir 2p with 5 E {-1, 1}. 
Proof. 

1. Prom lemma l3~Tl we get ir p | 5 (q)P + 1 and so vr 2 ^ 1 \ g(q) p + 1. Then apply 
theorem 13.131 

2. Applying lemma 13,81 we get ir p || #(q) p + 1 and so ■K 2p ~ 1 \\ g(q) p + 1. Then 
apply theorem 13.131 

3. From lemmalO then g(q) E Z[( p ] and so ir p+1 \ g(q) p + l and also fr 2p \ g(q) p2 + 
1. 

□ 

Remark: If C E Z[Q p ] is any semi-primary number with C = c mod it 2 with c 
natural number we can only assert in general that C p ^ = ±1 mod 7r p_1 . For the 
singular numbers A considered here we assert more: mod 7T p . We 

shall use this 7r-adic improvement in the sequel. 

4 Polynomial congruences mod p connected to 
the p- class group C p 

We deal of explicit polynomial congruences connected to the p-class group when p 
not divides the class number h + of . 

1. We know that the relative p-class group C~ = ® T k=1 Tk where are groups of 
order p annihilated by a — /i^, Hk = v 2mk+1 mod p, 1 < < Let 
us consider the singular numbers A k , k = l,...,r~, with 7r 2m * +1 | A^ — 
with ctfc natural numbers. From Kummer, the group of ideal classes of K p is 
generated by the classes of prime ideals of degree 1 (see for instance Ribenboim 
(3A) p. 119). 

2. In this section we shall explicit a connection between the polynomial Q(cr) E 
Z[G p ] and the structure of the relative p-class group C~ of K p . 

3. As another example we shall give an elementary proof in a straightforward way 
that if is odd then the Bernoulli Number B( p+ iy 2 ^ mod p. 
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Theorem 4.1. Let p be an odd prime. Let v be a primitive root mod p. For 
k = 1, . . . , r~ rank of the p-class group of K p then 

(22) Q(v 2m * +1 ) = Y V ( 2m *+V xi x ( rH "^' XP ) = mod p, 

U P 

(or an other formulation YYk=i( a ~ v 2nik+1 ) divides Q(<j) in F p [G p ]). 

Proof. 

1. Let us fix A for one the singular numbers with 7r 2m+1 || A — a with a natural 

'A 
■A 



number equivalent to 7r 2m+1 || (4 — 1), equivalent to 



= = 1 + A 2m+1 x a, a 6 Kp, t7 w (a) = 0. 

Then raising to p-power we get = (1+A 2m+1 xa)" = l+p\ 2m+1 a mod 7r P- 1 +2m+2 
and so 7r P- 1 + 2m + 1 II (4)P - 1. 

II Kj^J 

2. From theorem 13 1 1 5 1 we get 

(=) p W x M = (£)PQ(°) = 1 mod 7T*- 1 . 
We have shown that 

(4) p = l + A p - 1+2m+1 6, kK p , ^(6) = 0, 

./I 

then 

(23) (1 + AP- 1+2m+1 6) ( 3( ,T ) = 1 mod tt* -1 . 

3. But l+A p - 1+2m+1 6 = l+pA 2m+1 6i mod ^-^"H- 2 with &i G Z, &i # mod p. 
There exists a natural integer n not divisible by p such that 

(1 + pA 2m+1 fei) n = 1 + pA 2m+1 mod ^-!+ 2m + 2 . 

Therefore 

(24) (1 + pA 2m+1 6i) nQ(<T) = (1 + p A 2m+1 ) Q(,T) = 1 mod ^-1+^+2. 

4. Show that the possibility of climbing up the step mod 7r p- 1 + 2m + 2 implies that 
a - v 2m+1 divides Q(a) in F P [G P ]: we have (1 + p A 2m+1 ) CT = 1 + p<j(A 2m+1 ) = 
l+p(C"-l) 2m+1 = l+p((\+l) v -l) 2m+1 = l+fw 2m+1 A 2m+1 mod7r p - 1+2m+2 . In 
an other part (l+p\ 2m+1 ) v2m+1 = 1 +pu 2m+1 A 2m+1 mod 7r p-i+2m+2 Therefore 

(25) (1 + pA 2m+1 r^ 2m+1 = 1 mod vrP-i+ 2 -+ 2 . 
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5. By euclidean division of Q(cr) by a — v 2m+1 in F p [G p }, we get 

Q(o) = (a — v 2m+1 )Qi(a) + R 

with R £ F p . From congruence (J23J) and it follows that (1 + pX 2m+1 ) R = 
1 mod 7 r ?, - 1+2m+2 and so that l+ P RX 2m+1 = 1 mod 7r p - 1+2m+2 and finally that 
R = 0. Then in F p we have Q(a) = (a - v 2m+1 ) x Q x {a) and so Q(w 2m+1 ) = 
mod p, or explicitly 



Q(„2m+1) = w (2m+l)(p-2) x 



+ tA^+w d J x 1 h 7/ m+i x = mod p, 

p p 



which achieves the proof. 



□ 



Remarks: 



1. Observe that it is the 7r-adic theorem IM. 151 connected to Kummer-Stickelberger 
which allows to obtain this result. 

2. It can be shown that g(q) a ~ v £ K p , see for instance Ribenboim jlUj F. p. 440 : 
from this result applied to Stickelberger relation, it is possible to give another 
proof of theorem O we start of g(q) p Z{( p } = q p ( CT ) and so g(q) p ^~ v ^[Cp] = 
q P( CT )( CT _„) = qP Q ((7 ) and thug ff ( q )(<T-u) Z [£ p ] = q Q(a)_ Therefore Q(a) annihi- 
lates the ideal class C7(q) and so there exists /u G F* such that a — fi \ Q(cr) in 
Fp[G p ]. 

3. Observe that 5{ can also be written in the form 5i = — [ - p xv ] where [x] is the 
integer part of x, similar form also known in the literature. 

4. Observe that it is possible to get other polynomials of Z[G p ] annihilating the 
relative p-class group C p : for instance from Kummer's formula on Jacobi cy- 
clotomic functions we induce other polynomials Qd(&) annihilating the relative 
p-class group C~ of K p : If 1 < <i < p — 2 define the set 

Id = {i\0<i<p-2, ^p- 1 )/ 2 - 1 + v (p-i)/2-i+inM<t) > p } 

where ind v (d) is the minimal integer s such that d = v s mod p. Then the 
polynomials Qd(^) = Yliei G% ^ or ^ = • • • >P ~ ^ annihilate the p-class C p of 
K p , see for instance Ribenboim [^j relations (2.4) and (2.5) p. 119. 

5. See also in a more general context Washington, corollary 10.15 p. 198. 
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6. It is easy to verify the consistency of relation (|22|) with the table of irregular 
primes and Bernoulli numbers in Washington, p. 410. 

An immediate consequence is an explicit criterium for p to be a regular prime: 

Corollary 4.2. Let p be an odd prime. Let v be a primitive root mod p. If the 
congruence 

(26) Vl*- 1 x ( ""^-""X" ) _ Q 

has no solution X in Z with X^ -1 " 2 + 1 = mod p then the prime p is regular. 

We give as another example a straightforward proof of following lemma on Bernoulli 
Numbers (compare elementary nature of this proof with proof hinted by Washington 
in exercise 5.9 p. 85 using Siegel-Brauer theorem). 

Lemma 4.3. If2m+ 1 = is odd then the Bernoulli Number £>( p+ i)/2 ^ mod p. 

Proof. From previous corollary it follows that if Br p+ iy 2 = mod P implies that 
Yli=\ t>( 2m+1 ) J x 5 l = mod p where 2m + 1 = p -^- because i/p -1 )/ 2 = —1 mod p. 
Then suppose that 

g(-l)'x r"-"-""' X " ) S 0mod P , 

s p 

and search for a contradiction: multiplying by p 

p-2 

J^C-l)* x (tT^ 1 ) - «"* x «) = mod p 2 , 

i=i 

expanded to 

(-1 + v~ l -v~ 2 ^ v~ (p ~~ 3) ) + {v~ l v - v~ 2 v H h v" (p " 2) u) = mod p 2 

also 

(-1 + y- 1 - v- 2 + V - {p - 3) ) + (v" 1 - w" 2 + • • • + w" (p - 2) )w = mod p 2 . 

Let us set V = -1 + v' 1 - v~ 2 + w -(p-3) + t,-(i>-2). Then we get V - v~^ p ~ 2 ^ + 

v(V + 1) = mod p 2 , and so V(l + v) + v — u~( p ~ 2 ) = mod p 2 . But v = u~( p ~ 2 ) 
and so V = mod j? 2 . But 

-V = l-v' 1 +v- 2 + ■■■ + v-( p -V - v~ ip ~ 2) =Si-S 2 

S 1 = l + 1 ,- 2 + ... + ^(P- 3 ), 

s 2 = tr 1 + «- 3 + ... + u -( p - 2 >. 



18 



v is a primitive root mod p and so Si + S2 = 2 . Clearly Si / S2 because 
£^ is odd and so -1/ = Si - 5 2 / and -V = mod p 2 with | - y| < 
contradiction which achieves the proof. □ 

5 Singular primary numbers and Stickelberger 
relation 

In this section we give some 7r-adic properties of singular numbers A when they are 
primary. Recall that r,r + ,r~ are the ranks of the p-class g roups Cp ? Cp ; Cp~ • Recall 
that C p = ©^LjTj where Tj are cyclic group of order p annihilated by a — fa with 

m g f;. 

5.1 The case of C~ 

A classical result on structure of p-class group is that the relative p-class group Cp is 
a direct sum C~ = (©^iTj) © (ffi[ =r++i rj) where the subgroups Tj, i = 1, . . . ,r + 
correspond to singular primary numbers and where the subgroups Ti, i = r + + 
1, . . . ,r~ corresponds to singular not primary numbers Ai. Let us fix one of these 
singular primary numbers Ai for i = 1, . . . ,r + . Let q be a prime ideal of inertial 
degree / such that AZ[( p ] = q p . 

Theorem 5.1. Let q be a prime not principal ideal ofZ[<^ p ] of inertial degree f with 
C7(q) G r C C~ . Suppose that the prime number q above q verifies p \\ q* — 1 and 
that A is a singular primary number with AZ[( p ] = q p . Then 

(27) A ^ 1 mod tt 2 ^ 1 . 

Proof. 

1. We start of the relation g(q) p2 = ±A p ( a ^ proved in theorem 13.131 By conju- 
gation we get g(q) P = ±A P ^ a \ Multiplying these two relations and observing 
that s(q) x~gjq) = qf and Ax A = D p with D G Z[C P +C P _1 ] we get <^ 2 = D^M, 
so qf p = D p ^ because q,D G + C" 1 ] and, multiplying the exponent by 
cr - v, we get g/f( CT -«) = D^MC*-*) so gM 1 "") = D pQ ^ from lemma IHTTTTl p. 
EH and thus 

(28) g /( 1 -«)=DQW. 

2. Suppose that vr^" 1 | A - 1. Then vr^" 1 | 3 - 1, so tt 2 ^ 1 \ D p - 1 and so 
71-P I D - 1 and so tt p \ D®^ - 1, thus tt p \ qfi 1 ^) - 1 and finally tt p \ q? - 1, 
contradiction with 7r p ~ 1 || g* — 1. 
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□ 



In the following theorem we obtain a result of same nature which can be applied 
generally to a wider range of singular primary numbers A if we assume simultaneously 
the two hypotheses q = 1 mod p and p(<?~ 1 )/ p = 1 mod q. 

Theorem 5.2. Let q be a prime not principal ideal of Z[£ p ] of inertial degree f = 1 
with C7(q) G r C C p . Let A be a singular primary number with AZ[£ p ] = q p . // 
p{q- l )/p = i mo( ^ g then there exists no natural integer a such that 

(29) A = a p mod ir 2p . 

Proof. Suppose that A = a p mod ir 2p and search for a contradiction. We start 
of relation g(q) p = ±A P ^ proved in theorem 13.131 p. 1131 Therefore g(q) p = 
±a? p (°) mod vr 2p so 

g(cO p2 = ±a P(^ ( - 2) +-+^ 1 +D mod 7r 2 Pj 

so 

5 (q) p2 = ±a p2(p ~ 1)/2 mod vr 2p . 

But a p2(p ~ 1)/2 = ±1 mod vr 2p . It should imply that g(q) p2 = ±1 mod vr 2p , so that 
g(q) p = ±1 mod 7r p+1 which contradicts lemma l3~Hl p. EJ □ 

5.2 On the 7r-adic size of singular primary numbers 

In this subsection we suppose that the p-class group C p of rank r is not trivial. Then 
C p = ©[ =1 Tj where Tj are cyclic groups of order p annihilated by a — /Zj S F*. Let us 
consider in the sequel one ot these groups T £ C p . From Kummer (see for instance 
Ribenboim ^01 prop. U p. 454), the prime ideals q of K p of inertial degree / = 1 
with N Kp /Q(q) = q ^ p generate the class group of K p . Therefore there exists prime 
not principal ideals q of inertial degree / = 1 with C7(q) G V. Let us consider in this 
section a singular number A £ with AZ[( p ] = q p . There exists a natural integer 
m(A) no null and a natural integer a no null such that tt" 1 ^ \\ A — a p and such that 
7T m(A)+i a 'p f or a rj a ' g If A is singular not primary then 1 < m < p — 1. If 

A is singular primary then m> p. We call m(A) the ir-adic size of A. Recall that 
the Stickelberger's relation is g(q) p Z[^ p ] = A p ^ where 

9-2 

i=0 

In this subsection A is a primary number. Recall that such singular primary integers 
A (which are therefore not of form e x a p , e G Z[£ p ]* and a G Z[£ p ]) exist only if the 
Vandiver's conjecture is false (r + > 0). 
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Lemma 5.3. If A is singular primary then the size m(A) verifies m > p + 1. 

Proof. From Washington [TT] exercise 9.3 p. 183 it follows that L = K p (A l / p )/K p 
is a cyclic unramified extension. Therefore n splits in extension L/K p and from 
Ribenboim [9 case III p. 168 it follows that vr p+1 \A - a p . □ 

Lemma 5.4. Let A be a singular primary number of size m = p — 1 + n. Then 
A( 5 (q)) = <r(5(q)) - (-^""^(q) 1 ' = mod ir n . 

Proof. The proof consists of the two cases C7(q) € C+ and C7(q) G C~. 
1. Suppose at first that C7(q) 6 C+: 

(a) From theorem l3~T3l p. [T3J g(q)P 2 = ±A p W and gjqf = ±A P{a \ so 
(£M)P 2 = (4) p W, thus (£M)P 2 = iypp(°). 

(b) Eliminating p-powers we get (==) p = £™ x D p ^ for some natural number 

w and so (£M)p( ct ~^) = /•«(°- 1 x D^X^) and, from lemma ESDI p. dD 
s(q) 

(£isl w ) = DPQ( a )_ Then, from lemma 13.111 multiplying exponent by 
a - 1, we obtain (£M)^-*)(*-l) = ^M^" 1 )/ 2 -!). From jypaW = 
D~ p we get 

(30) / gW yfo-^tV-l) _ D -2pQ 1 (<7) 

ff(q) 



The relation #(q) X <?(q) = (/ derived of Stickelberger relation leads to 

(31) g(q-) 2 P{°- v K°~- 1 ) = £)-2pQiO)_ 

(c) 7r p_1+?1 || A — a' p for some natural o, so 7r p_1+n | D p — 1, which implies that 

^p-l+n | D -pQi(a) _ 1; thug 

(32) ff ( q )p(^-«)(^-i) = i mo d vr p - 1+n , n > 2. 
Recall that, from lemma 123 p. ITIand l3~Bl p. [SI that 

(33) ff (q) = c, + gxr 1 + g 2v cf 2 + ■■■ + g iq - 2)v Q~ (q ~ 2) , 

thus 5 ( q ) + 1 = (c- b - i)c g u_1 + (Cp 2v - i)cr 2 + • • • + (c P ~ (9 ~ 2) " - i)q t " (9-2) 

which implies that n\ g(q) + 1. Moreover 

/ — v _ -I /-—2v _ i >— (g— 2)v _ i 

g (q) + l = Ax(^--xC^ 1 + ^— -xQ- 2 , + ---+ C % - - )X C ^ (? - 2) ; 
Sp 1 ^p 1 Sp 1 
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and so g(q) + 1 = -A x (vQ 1 + 2vQ 2 + • • • + (q - 2)vQ {q 2) ) mod vr 2 , 
thus g(q) = — 1 + Xa mod 7r 2 with a £ K q . But cr(A) = ( v — 1 = uA mod tt 2 
so cr( 5 (q)) = -1 + avX mod vr 2 . But (/(q) 1 ' = (-1 + a\) v = (-If + 
(-ly^vX mod 7r 2 , so (-l) v ~ 1 g{q) v = -1 + avX mod 7r 2 and thus 

(34) <?(qr~ u = (-I)'"' 1 mod vr 2 . 
It follows that 

(35) g^-^-V = 1 mod vr 2 . 
(d) Then, from congruence (|32j) . (|34"|) and (|35|) 

(36) 9(q)' = (-irVq)" modvr". 
2. Suppose now that C7(q) G C~: 

(a) From theorem 13, 131 p. [TBI we get <?(q) p2 = ±A p ( a \ so <?(q) p2 = ±A P and 
so (=) p2 = (|) P(ct) , then multiplying exponent by a - v, (£M)p 2 (<^) = 
(A)P{°)(v-v) f and from lemma l3~TUl p. E3 

C37) /|M)p 2 (^) = (ApQH 

and so (M)p(°-v) = But Q(<r) = Q 2 (a) X (ff-^) where Q 2 (a) G 

F P [G p ],so (£M)P(— ) = (^)(-m)Q 2 W. 

(b) But 7r p_1+n || A—a p for some natural integer a. Then cr(A)) = dP mod 7rP~ 1+ " 
and = mod Tr^-^ +n . Therefore A a ^^ = a ^~^ p mod irP- 1+n . From 
A a ~^ = a p with a G K p: we get a = x a 1_M mod 7r n for some natural 
number w-i and so = = C 2wi mod 7r n . 

(c) From relation 03 we get (2M)p( ct -*<) = (2)pQ2(<t) so (gM)(^-«) = x 

g(q) a s(q) 

(=) < ^ 2 ( <T ) for some natural integer W2- But a p = A u ~p implies that 7r p_1+?1 || A- 

aP and so nP- 1+n I 4 - 1, so 7r n I £ - 1. also (2ish("-«) = C™ 2 mod vr™. 
1 aP 1 a Vqr 

But g(q)g(ci) =qso g(q) 2(a - v) = C 2 mod so g(q) a ~ v = ±C 2 mod vr™. 

From g(q) = — 1 + aA mod tt 2 it follows that (/(q)^ - ^ = (— l) 1 " -1 mod 7r n , 

wich achieves the proof. 

□ 
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Remark: A( 5 (q)) = (£p 2 C^Q'*) ~ (-^(ZU C^O" 6 Z[C P ,C g ] is 
explicitly computable for pairs of prime number (p, g) with q = 1 mod p, for instance 
with a MAPLE program. We have computed A(g(q)) for a large number of pairs 
{p, q) with small q, p ^ 3, q ^ 1 mod 3 and we have found that for almost all these 
pairs 7r 3 || A(g(q)) (for p = 5 and q = 11 then 7r 4 | A(<?(q)). 

1. From this result it is not unreasonable to think that if Vandiver's conjecture was 
false then A should be primary and the size m(A) of singular primary number 
A should verify often, following these computations, the inequality m(A) = 
p — 1 + n < p — 1 + 3. 

2. Observe that by opposite if e £ ^[Cpl* is a primary unit with e a ~^ = rf, rj € 
^[Cp]> A 4 — y21 m °d p for some natural integer I, 1 < I < ^y^, then from Denes, 
as cited in Ribenboim 9 (8D) p. 192, we know that the 7r-adic size m of primary 
unit e is of form m(e) = v x (p — 1) + 21 where v > is a natural integer. In 
that case I is not always small by comparison with p. 



The Jacobi cyclotomic function: It is also possible to derive some strong 
properties of 7r-adic structure of singular primary numbers using the Jacobi cyclotomic 
function. Let i be an integer with 1 < i < q — 2. There exists one and only one 
integer s, 1 < s < q — 2 such that i = u s mod q. The number s is called the index 
of i relative to u and denoted s = ind u (i). Let a, b be natural numbers such that 
ab{a + b) ^ mod p. The Jacobi resolvents verify the relation: 

< c a c ~>< c b t > 9-2 

(gg\ S P > Sg V ^ _ c axind u (i)-(*+b)xind u (i+l) 

<• Sp j > j = i 

The interest of this formula for 7r-adic structure of singular primary numbers is that 
the right member G %[Cp] though the Jacobi resolvents < Cp>Cj >> < Cp\ Cj > an d 
< Cp +b ; Cq > are hi 2[Cp> Cj]- See for this result for instance Ribenboim jTUJ proposition 
(I) p. 442. 

Theorem 5.5. Let A be a singular primary number of size m{A) = p — 1 + n. Let 
a, b be two natural numbers such that ab x (a + b) ^ mod p. Then the pair of odd 
prime numbers (p,q), q = 1 mod p corresponding to the singular primary number A 
verifies the n-adic congruences: 

1. The Jacobi cyclotomic function 

q-2 

(39) ipa,b(Cp) = Yl Cp xindu{i) ' (a+b)xindu(i+1) = -1 mod 7r n . 
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2. Fork = 2,...,n-l 

q-2 

(40) X^{ a x i n d u {i) — (a + b) x ind u (i + l)} k = mod p. 

i=l 

Proof. 

1. We start of g(q) = YliZi (p W Q *• There exists a natural number a such 
that = a mod p. Then < Cp,Cg >=< Cp^Xg >= o- a (g(q)). From 

lemma HTH S'(q)' Ta ~ t ' Q = ±1 mod ir n . Similarly < (~,(q >= f^GKo)) an d 



ff (q)^-^ = ±1 m od vr n . 



2. < Cp +b ,Cg >=< C P "™ 7 ,Cg > with -v' +1 = a + b mod p. Then < Cp +6 ,Cg >= 
^ 7 (5(q)) with ^fa)" 7- " 7 = ±1 mod vr n . 

3. 

<g,Q, = ^(q)K( g (q)) ( r « + ^_ v , mQd n 

<(p l+b ,( q > ^(s(q)) 



also 



^ Cp i Cj < Cp i C<j > 

<C P a+6 ,C g > 



^(q)^^^ 1 ^ 1 -^ 1 ) mod 7r n > 



But f a+l + t> /3+1 — t> 7+1 = —a — b + a + b = mod p and so 



< Cp j C? ^ < Cp > Cq 



±1 mod vr", 



<<r°,C> 

and from Jacobi cyclotomic function relation (|38(1 

9-2 

^ ^ axmd„(<)-(a+l))xmd„(i+l) = mod 7T n 
i=l 

But we see directly , from £ p = 1 mod p and g — 2 = — 1 mod p, that 

g-2 

^ ^ oX indu (i) — (a+b) x indu (i+1) — _j m od 7T 
i=l 



and finally that 



q-2 

~y ^axind u (i)-(a+b)xind u (i+l) _ _^ m od TT n 
i=l 



which proves relation (|39|) . 
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4. The congruences (j4U|) are an immediate consequence, using logarithmic deriva- 
tives. 

□ 

This result takes a very simple form when a = 1 and b = — 2. 

Corollary 5.6. Let A be a singular primary number of size m(A) = p — 1 + n. Then 
the pair of odd prime numbers (p,q), q = 1 mod p corresponding to the singular 
primary number A verifies the ir-adic congruences of the Jacobi cyclotomic function 

q-2 

(41) V>i,-2(C P ) = £ C p nMt(l+1)) = "I mod vr". 

i=l 

Proof. Take a = 1 and 6 = —2 in congruence (|39j) to get 

q-2 

(42) £ ^W+md^+i) = _i mod vr". 

i=l 

But classically ind u {i) + ind u {i + 1) = ind u (i(i + 1)) mod (<jr — 1) and so from g 
I mod p we get ind u (i) + ind u {i + 1) = ind u (i(i + 1)) mod p which achieves the 
proof. □ 

Remark: We have computed ^1,-2 (Cp) f° r a large number of pairs (p, q) with small 
q, p 7^ 3, mod 3 and we have found that for almost all these pairs ir 3 || ■0i,-2(Cp)- 

5.3 On principal prime ideals of K p and Stickelberger 
relation 

The Stickelberger relation and its consequences on prime ideals q of Z[CJ is mean- 
ingful even if q is a principal ideal. 

Theorem 5.7. Let q\ G %[Cp] with qi = a mod ir p+1 where a£Z, a =£. mod p. J/ 

g = iV^- /<n(qi) is a prime number then p^ -1 )/? = 1 mod q. 



Proof. From Stickelberger relation g(q\'E[(p]) p Z[(p\ = </^°^Z[£p] and so there exists 
e G Z[C p ]* such that g(giZ[£ p ]) p = ^ x e and so 

ff(giZ[C p ]) = /ft nP(«t) 
5(ftZ[g % 

From hypothesis = = 1 mod 7r p+1 and so t 9 ^ 1 ^^ )P = 1 mod 7r p+1 . From lemma 
ESI p. El it follows that pb-V/P = 1 mod q. □ 
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6 Stickelberger's relation for prime ideals q of 
inert ial degree / > 1. 

Recall that the Stickelberger's relation is g(q) p = q 5 where S = Y^aZq (? % v~ % G Z[G p ]. 
We apply Stickelberger's relation with the same method to prime ideals q of inertial 
degree / > 1. Observe, from lemma I3~2*1 p, H3 that / > 1 implies g(q) G Z[£ p ]. 

A definition: we say that the prime ideal c of a number field M is p-principal if 
the component of the class group < C7(c) > in p-class group D p of M is trivial. 

Lemma 6.1. Let p be an odd prime. Let v be a primitive root mod p. Let q be an 
odd prime with q p. Let f be the smallest integer such that q* = 1 mod p and let 
m = 2y-. Let q be an prime ideal of Z[£ p ] lying over q. If f > 1 then g(q) G Z[£ p ] 
and g(q)Z[£ p ] = q^ 2 where 



m-l y^/- 1 v -(i+jrn) 

s 2 = Yl ) x G Z \°p 



(43) kj-i — j /n u c ^L^PJ- 

i=0 p 

Proof. 

1. Let p = fm + 1. Then N^/q(c[) = qf and q = q°" m = • • • = q CT</ 1)m . The sum 
S defined in lemma l3~5l p 181 can be written 

m— 1 /— 1 

2. From Stickelberger's relation seen in theorem 13.11 p, then g(q) p Z[£ p ] = q s . 
Observe that, from hypothesis, q = q CT ™ = • • • = q " 1 ^ 1>m so Stickelberger's 
relation implies that g(q) p Z[£ p ] = q Sl with 

m-l /-l m-l y/-l „-(i+im) 

5 i = E E ffV(1+3m)= p x E(— ) x ^ 

i=0 j=0 i=0 ^ 

where (^f^Q 1 v~^ %+ ^)/p G Z because -u - " 1 — 1^0 mod p. 

3. Let 5 2 = ^. Then from below S 2 G Z[G P ]. Prom lemma E3 P- El we know that 
/ > 1 implies that <?(q) G Z[£ p ]. Therefore 

5(q) P Z[C P ]=q p52 , 9(q)GZ[g, 

and so 

5(q)z[C P ] = q 52 , s(q)ez[(J. 

□ 
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Remarks 

1. For / = 2 the value of polynomial 5*2 obtained from this lemma is S% = 
v-(p-3)/2 i 

l^i=i ° ■ 

2. Let q be a prime not principal ideal of inertial degree / > 1 with C7(q) £ C p . 
The two polynomials of Z[G P ], S = E?~o ( "~ (< ~p~"~ <1 ' ) x ° { (see thm[CTJ) and 

52 = E^Lq ( — J= ° p ) x a% (see lemma l6~Tjl annihilate the ideal class C7(q). 

When / > 1 the lemma l6~T1 supplement the theorem 14.11 

It is possible to derive some explicit congruences in Z from this lemma. 

Lemma 6.2. Let p be an odd prime. Let v be a primitive root mod p. Let q be an 
odd prime with q ^ p. Let f be the smallest integer such that qf = 1 mod p and let 
m = Let q be an prime ideal o/Z[£ p ] lying over q. Suppose that f > 1. 

1. If q is not p -principal ideal there exists a natural integer /, 1 < I < m such that 



m-i y^/- 1 v -(i+jm) 

(44) ) x ylfi = mod P' 

i=0 P 

£ If for all natural integers I such that 1 < / < m 

m-l y-v/-l v -(i+jm) 

(45) V (±^2=5 ) x u'/* ^ mod p, 

r— ' p 

then q is p-principal 
Proof. 

1. Suppose that q is not p-principal. Observe at first that congruence (|44[) with Z = 
m should imply that YT^o (E£2 w" (i+im) )/p) = mod p or E™" 1 ££TjJ 

mod p 2 which is not possible because v~( 4 +-? m ) = v - ^ + ^ m ) implies that j = j' 
and t = i> and so that ^^q 1 J^jZo f" (i+J ' m) = 

2. The polynomial 5*2 of lemma l6~Tl annihilates the not p-principal ideal q in F p [G p ] 
only if there exists a — v n dividing S% in F P [G P ]. From q°" m_1 = 1 it follows 
also that a - v n \ a m - 1. But a - v n \ a m - v nm and so a - v n \ v nm - 1, thus 
nm = mod p— 1, so n = mod / and n = If . Therefore if q is not p-principal 
there exists a natural integer I, 1 < I < m such that 

m-l y^/ _1 v —(i+jm) 

(46) Yl (^ ) x ylfi = mod P> 

i=0 p 



27 



3. The relation (|45|) is an imediate consequence of previous part of the proof. 

□ 

As an example we deal with the case / = 
Corollary 6.3. If p = 3 mod 4 and if f = then q is p-principal. 
Proof. We have / = 2^-, m = 2 and I = 1. Then 

(47) £ = V(^=° ) x = - . 

S P P P 

£ = mod p should imply that £^ 3)/2 w ~ 2j - Ej=~o 3)/2 v~ (1+2j) = mod p 2 . But 
E& 3)/2 ^" 2i + Ei="o 3V2 ^~ {1+2j) = E ^ is odd, which achieves the proof. □ 

7 Stickelberger relation and class group of K p 

In previous sections we considered the p-class group of K p . By opposite, in this 
section we apply Stickelberger relation to all the prime h ^ p dividing the class 
number h(K p ). 

1. The class group C of K p is the direct sum of the class group C + of the maximal 
totally real subfield K p of K p and of the relative class group C~ of K p . 

2. Remind that v is a primitive root mod p and that v n is to be be understood as 
v n mod p with 1 < v n < p — 1. Let h(K p ) be the class number of K p . Let h ^ p 
be an odd prime dividing h(K p ), with Vh{h(K p )) = (3. Let d = Gcd(h— l,p— 1). 
Let C be the subgroup of the class group of K p of order hr . Then C = ®j =l Cj 
where p is the /i-rank of the abelian group C of order br and Cj are cyclic 
groups of order hP^ . 

3. From Kummer (see for instance Ribenboim [§] (3A) p. 119), the prime ideals 
of of inertial degree 1 generate the ideal class group. Therefore there exist 
prime ideal q of inertial degree 1 such that < C7(q) >= ®j =1 Cj where Cj is a 
cyclic group of order h and so that < C7(q) > is of order h p . 

4. Let P(a) = Xwc=o <J k v~ k . From lemma l3~5l p. |H1 Stickelberger relation is 
q p(,j) Z[Cp] = g{q) p Z[( p ] where #(q) p G Z[C P ]. Therefore q p(<T) is principal, a 
fortiori is C-principal (or C7(q) p ( CT ) has a trivial component in C). There exists 
a minimal polynomial V(X) E Fh(X) of degree p such that is C-principal. 
Therefore the irreducible polynomial V{X) divides P(X) in F^[X] for the in- 
determinate X because h ^ p. 
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5- /Q(q) = q^fc=o°" fc is principal and similarly V(X) divides T(X) = YTk=®X k 
in F/, X}. 

6. If C7(q) G C~ then q°" lP 1 2+1 is principal. 

7. LetD(X) G F A (X) defined by = Gcd(P(X),T(X)) mod /i. Let Z)-(X) G 
F h (X) defined by £>~(X) = Gcd{P{X),X { P~ 1 ^ 2 + I) mod h. 

We have proved the following proposition: 

Lemma 7.1. There exists an irreducible polynomial V(X) G Fft[X] o/ degree p such 
that V(o~) annihilates C and V(X) divides D{X) in ~Fh[X\. 

Lemma 7.2. Suppose that C belongs to relative p- class group of K p . Let D~{X) = 
Gcd{P{X),X^- 1 ^ 2 + 1). ThenV{X) divides D~(X) inF h [X}. 

When C is cyclic we get: 

Lemma 7.3. If C is cyclic then: 

1. V(X) =X-v with v G F*. 

2. InF h (X) 



3. If h is an odd prime with the class number h(E) of all intermediate fields Q C 
E C K p , E ^ K p then d = p - 1. 



1. p = 1 implies that V{a) = a — v. 

2. X — v | X h ^ 1 — u h ^ 1 and so cr' 1-1 — v h ~ x annihilates C. From u h ^ 1 = 1 mod h 
it follows that <T fc_1 — 1 annihilates C. <t p_1 — 1 annihilates C and so o~ d — 1 
annihilates C and so X — v divides X d — 1 in F/JX]. Then apply previous 
theorem. 

3. From theorem 10.8 p. 188 on class group in Washington |llj , with p = 1 it 
follows that h = 1 mod p — 1. 



(48) 



V(X) | X d - 1, d = 0cd(/» - l,p- 1) 




Proof. 



□ 
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Lemma 7.4. Let L be a subfield of K p with [L : Q] = d. Let h be an odd prime 
number dividing h{L). Then in F/JX] 

d-l 

V{X) i 

(49) 1=0 

V 7 rf-l (p-l)/d-l 

V{X) \{^ j X i x v~ {l+jd) }. 

i=0 fc=0 

Proof. o~ d — 1 annihilates C. Then the result can be derived for instance of Mollin [5] 
corollary 5.127 p. 322. □ 

Some examples: Our results are consistent with examples taken in tables of 
relative class numbers of Q(Cn) ; 3 < n < 1020, given in Washington p. 412-420: 
verification made with a little MAPLE program. 

1. p = 131, p- 1 = 2 x 5 x 13. 

(a) h = 3, v h = 3, p = 3, d = 2, V{a) = cr 3 + 2a 2 + 1: C is not cyclic 

(b) h = 5, Vh = 2, p = 1, cZ = 2, i> = 2, V(<r) = <r + 1: this group is cyclic. 
The theorem 17.31 relation (Jl%|) can be applied. Actually X^=o( — = 
—5 x 131 = mod 5. Observe that theorem 10.8 p. 187 in Washington jllj 
cannot be applied here because h \ /i(Q(V — 131). 

(c) h = 53, v h = 1, p = 1, d = 26, V(a) = a + 46: C is cyclic, d ^ p - 1 = 130 
and so there exists a field E, Q C E C -fC p such that /i | h(E). 

(d) Zt = 1301, v h = 1, p = 1, d = 130, V(<r) = a + 283: C is cyclic. 

(e) /i = 4673706701, = 1, p = 1, d = 130, V(a) = a + 3346914817 : cyclic. 

2. (a) p= 137, p - 1 = 2 3 x 17. 

(b) h = 17, v h = 2, p = 1, d = 8, V(o-) = cr + 8 : cyclic. 

(c) ft = 47737, v h = 1, p = 1, d = 136, V(er) = o + 13288: cyclic. 

(d) = 46890540621121, u ft = 1, p = 1, d = 136, V(<r) = cr + 14017446570735: 
cyclic. 

3. p = 167, p - 1 = 2 x 83. 

(a) h = 11, u fe = 1, p = 1, d = 2, F(cr) = a + 1. The theorem Ol relation (gg)) 

can be applied. Actually E*5( -1 ) i2-< = _11 x 167 = mod 1X - Observe 
that theorem 10.8 p. 187 in Washington jllj cannot be applied here because 
h | h(Q(^J^167). 

(b) h = 499, v h = 1, p = 1, d = 166, V{a) = a + 491: cyclic. 

(c) h = 5123189985484229035947419, p = l,d= 166, 
V(a) = a + 698130937752344432562779: cyclic. 
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Some Remarks 



1. Remind that we have assumed that h is odd. 

2. In our propositions we apply the simultaneous annihilation of subgroup C of 
the class group by the norm polynomial N(a) = Xlfc=o a% anc ^ by the Stick- 
elberger polynomial X^a!=o °~ lv ~ 1 -, which improves strongly the result obtained 
with the only norm polynomial. 

3. We obtain with our results a full description of the relative class group C of 
K p in the three examples p = 131, p = 137 and p = 167. 

4. We can say something on subgroup C even if there exists a field E, QcfiC K p 
with h | h(E). By opposite the hypothesis h J( h(E) for all E, <Q> C £ C if p , £ / 
i^p is assumed in theorem 10.8 p. 187 in Washington 

5. Let 5 be an integer 1 < S < p — 2. There exists an integer s, < s < p — 2 
such that 5 = v s mod p. s is called the index of 5 relative to v and denoted 
s = ind v {5). Let us define the polynomial 

(50) iei s 

Is = {i I < i < p - 2, W(p_i)/ 2 -i + «(p-l)/2-i+m<i„(5) > P}- 

From a result of Kummer on Jacobi cyclotomic functions, the polynomial Q(cr) 
annihilates the complete class group C of K p (see for instance Ribenboim [S] 
relation (2.5) p. 119). It follows that V{X) \ Q(X) in F h [X] gives another 
criterium for the study of the structure of the group C. 

6. The results can be generalized to the cyclotomic fields K n = Q(Cn) where n is 
not prime. 



Complex quadratic fields : In this paragraph we formulate directly previous 
result when h divides the class number of the complex quadratic field Q(y/—p) C 
K p , p = 3 mod 4, p ^ 3. 

Theorem 7.5. Suppose that p = 3 mod 4, p ^ 3. If h is an odd prime with 
h | MQ(\/-P)) then 

P-2 

(51) ^(-ljVEOmod/i. 

i=0 



Proof. Let Q be the prime of Q(y/—p) lying above q. p = 3 mod 4 implies that 
cr(Q)Z[(p] = QZ[(p] and so Q CT+1 is principal. Therefore QSf=o( _1 ) lv 1 is principal 
and X^f=o ( — l)* u ? = mod /i. □ 
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Remarks: 

1. The theorem 17. 71 can also be obtained from Hilbert Theorem 145 see Hilbert [3] 
p. 119. See also Mollin, jS] theorem 5.119 p. 318. 

2. Prom lemmas 13.101 p. llUl and Rj.lll p. 1111 we could prove similarly: 

Suppose that p = 3 mod 4, p ^ 3. If h is an odd prime with h \ h(Q(y/—p)) 
then 

(p-3)/2 

(52) 2 x (-1)^ -p = mod h. 

i=0 

3. Numerical evidences easily computable show more: If p ^ 3 is prime with 
p = 3 mod 4 then the class number fo(Q(\/— p) verifies 

(53) h(®(V=P) = --° { 1 



P 

This result has been proved by Dirichlet by analytical number theory, see Mollin 
remark 5.124 p. 321. It is easy to verify this formula in tables of class numbers 
of complex quadratic fields in some authors: 

(a) H. Cohen p. 502- 505, all the table for p < 503. 

(b) in Wolfram table of quadratic class numbers ^2j for large p. 

(c) Ramachandran in jH| for non cyclic class groups table 9 p. 16. 

Theorem 7.6. Suppose that p = 3 mod 4, p / 3. If h is an odd prime with 
h | ^(Q(\/-P)) then 

p-2 

,_ . i=o, «-* odd 

( 54 ) p-2 

(-if = mod h. 

i=o, «-« odcf 

Proof. is odd. Apply Stickelberger relation to field Q(C2p) = Q(Cp)- I n that case 

P(o~) = Ya=q °~ 1 { V ')~ % where (v')~ % = v~ % if v~ % is odd and (v')~ l = v~ l +p if v - * is 

even. Then p x Y~! P ~ 2 . , ,<7 ! annihilates the class C . □ 
^ ^i=o, v~ % odd 

Theorem 7.7. Suppose that p = 3 mod 4, p 7^ 3. Ze£ <5 be an integer 1 < 8 < p — 2. 
.Lei 7,5 6e t/ie se£ 

(55) I S = {£ I < % < p - 2, W(p_i)/ 2 -i + «(p-l)/2-i-Nnd (<5) > rf> 
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where, as seen above, ind v {5) is the notation index of 5 relative to v. If h is an odd 
prime with h \ h(Q(^—p)) then 

£(-i)Vo, 

(56) 

E(-l)'' = mod h. 

Proof. Is has an odd cardinal. Then see relation (|55|) . □ 
Remark: 

1. Observe that results of theorems 17,61 and 17.71 are consistent with existing ta- 
bles of quadratic fields, for instance Arno, Robinson, Wheeler pQ. Numerical 
verifications seem to show more : 

P-2 

(57) Yl - mod HQ(V^P)- 

i=0, v~* odd 

2. Observe that if p = 1 mod 4 then E^-. odd^" 1 ^ = £ie=J 4 = °" 

Biquadratic fields: the following example is a generalization for the biquadratic 
fields L which are included in p-cyclotomic field K p with p = 1 mod 4. 

Theorem 7.8. Let p be a prime with 2 2 || p — 1. Let 

(p-3)/2 (p-3)/2 
(58) S=( E {-l) l v 2i f + { E ("l)^ 2m ) 2 - 

i=0 i=0 

Let L be the field with Q{^/p) C L C -Kp, [L : (Xy/p)] = 2. Let /i 6e an odd prime 
number with h \ h(L) and h J( h(Q(^/p). Then S ^ and S = mod p. 

Proof. V(a) | a 4 - 1. h \ h(Q(^p) and so V[a) \a 2 + l. P{a) = ££q 3)/2 o 2i v~ 2i + 
a x ES=o 3)/2 o" 2i ^ 2i+1 - Relation (JSHJ) follows. □ 

Remarks: 

1. S does not depend of the primitive root v mod p chosen. 

2. Numerical computations seem to show more : S = mod p 2 and so 

(59) L_LL^J +12^=0 L_L!^ L = o mod h. 

pr 
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